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Abstract. The technique of determination of weight ratio longitudinal force, weight ratio traction moment, 

coefficient of slipping of the wheel and their analysis is given at variation of the central angle of the contact area 

of the tire. Longitudinal force consists of two components − on the site of slipping and on the site of rest of the 

contact area of the tire. The first component is defined by normal reaction of seating on the site of slipping and 

dynamic coefficient of traction of the tire, which is expressed by the function from relative normal reaction on 

the site of slipping and is in interval of two boundary values. The maximum and minimum values are equal 

according to the tire static friction coefficient without slipping of the wheel and to tire sliding friction coefficient 

at full slipping of the wheel. The second component is defined by normal reaction of seating on the site of rest 

and static coefficient of traction of the tire, which is expressed by the function from relative normal reaction on 

the site of rest and is limited to two limits – zero value and value of the coefficient of static friction of the tire. 

The traction moment on the wheel is defined by the work of longitudinal force on the radius of its rolling. The 

optimum value of the coefficient of slipping of the wheel is defined by functions of the weight ratio traction 

moment on the wheel to the maximum. Settlement assessment for the wheel with the Goodyear OPTITRAC 

DT812 tire of standard size 520/70R38 of the BELARUS 82.1 tractor is executed. The central angle of the 

contact area of the tire is equal to 0.881 radian. The maximum values of the weight ratio longitudinal force and 

the weight ratio traction moment are respectively to 0.722 and 0.634. Coefficients of slipping of the wheel make 

at the same time respectively 0.15 and 0.107. These values do not exceed the slipping coefficient size limited 

under operating conditions to values 0.18 and 0.15 for tractors according to one and two leading bridges. 

Keywords: wheel, tire, force, moment, slipping, friction, traction. 

Introduction 

Operating speed of the movement and the realized tractive effort on driving wheels of the tractor 

have significant effect on the capacity of the engine and tractor unit at field and transport works [1;2]. 

The choice of rational loading of the tractor in these parameters is problematic as it is not possible to 

maximize them at the same time. Determination of effective indicators of driving wheels of the tractor 

in the traction mode proceeds from the need of achievement of the maximum traction moment, at 

restriction of the coefficient of slipping of wheels, which is quantitatively established for wheel 

tractors with one or two leading bridges, respectively, 0.18 and 0.15 allowed in field environment [1]. 

In this regard joint assessment of observance of these requirements, when choosing the rational 

traction mode of driving wheels of the tractor equipped, new, more perfect tires are of practical 

interest. 

The object of the research – tractor wheel in the leading mode of rolling. The subject of the 

research – process of formation of longitudinal force and the traction moment on the driving wheel at 

partial slipping of the tire on seating. 

The purpose of the research – optimization of specific power parameters and the coefficient of 

slipping of the driving wheel of the tractor. 

For achievement of the goal it is necessary to solve the following problems: 

1. to make an analytical model of interaction of the tractor wheel with seating in the leading mode of 

rolling; 

2. to investigate dependence of the coefficient of traction on the site of slipping on relative normal 

reaction on the site of slipping of the contact area of the tire; 

3. to investigate dependence of the coefficient of traction on the site of rest on relative normal 

reaction on the site of rest of the contact area of the tire; 

4. to investigate dependence of the specific longitudinal force and the specific traction moment on the 

coefficient of slipping of the wheel at variation of the central angle of the contact area of the tire. 
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Materials and methods 

To study power parameters of interaction of the wheel with seating various methods based on the 

known analytical models [3-6] are applied. An important factor when using this or that model is the 

choice of the suitable law of distribution of specific normal reaction on the length of the contact area 

of the tire. Distribution can be presented in a diagram with rectangular, trapezoidal, elliptic or 

parabolic dependences [7-10]. Advantage of parabolic dependence is that it can be transformed 

properly according to the wheel load and geometrical form of the contact area of the tire. An important 

factor is also establishment of functional dependence of the coefficient of traction of the tire on the 

coefficient of slipping of the wheel on seating. Many scientific works are devoted to search of the 

most flexible functional dependences for various seatings, for example [3;7;11]. However, the known 

dependences are mainly empirical with a set of the constant and variable coefficients having 

restrictions. The most perfect is the specified analytical model of wheel rolling in the traction mode, 

which unites power and kinematic parameters of interaction of the wheel with seating [12;13]. In 

addition to this model is representation of resultant longitudinal force two components on sites of 

slipping and rest of the contact platform of the tire.The model assumes distribution of specific normal 

reaction on the length of the contact platform of the tire in parabolic form with a flat top. Use of 

parabolic dependence of the fourth degree is more acceptable that is characteristic of the contact 

platform of a low-pressure tire. 

Traction torque Mt, N·m, on the driving wheel is defined by expression [13] 

 Mt = Rxrk, (1) 

or, taking into account formation of resultant tractive effort on sites of slipping and the rest of the 

contact area of the tire and dependences, with the subsequent transformation 

 Rx = Rxslip + Rxrest, (2) 

 Rxslip = Rzslip·µtrslip, (3) 

 Rxrest = Rzrest·µtrrest, (4) 

 Rzslip = Gk·δRzslip, (5) 

 Rzrest = Gk–Rzslip, (6) 

 ( )kkfk δr=r −1 , (7) 

from which, after integration of parabolic dependence of specific normal reaction on the site of 

slipping of the contact area of the tire, expression follows 
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where Rxslip – longitudinal jet force on the site of slipping of the contact area of the tire, N; 

 Rхrest – longitudinal jet force on the site of rest of the contact area of the tire, N; 

 Rzslip – normal reaction on the site of slipping of the contact area of the tire, N; 

 Rzrest – normal reaction on the site of trest of the contact area of the tire, N; 

µtrslip – dynamic coefficient of traction of the contact area of the tire on the site of 

slipping; 

 µtrrest – static coefficient of clutch of the contact area of the tire on the site of rest; 

 Gk – normal (vertical) load of the wheel of seating, N; 

 δRzslip – relative normal reaction on the site of slipping of the contact area of the tire; 

 rk – rolling radius of the wheel in the traction mode, m; 

 rkf – rolling radius of the wheel in the free mode, m; 

 δslip – coefficient of slipping of the contact area of the tire; 

 δk – coefficient of slipping of the wheel. 

Coefficient of slipping of the contact platform of the tire δslip is defined by the relation of the 

length of the site of slipping of the contact area to all its length 
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 caslipcaslip ll=δ / , (9) 

where lslipca – length of the site of slipping of the contact area of the tire, m; 

 lca – length of the contact platform of the tire, m. 

The site of slipping is in the rear of the contact area of the tire and at full slipping extends to the 

front part of the contact area to all its length, and normal reaction on the site of slipping of the contact 

area of the tire makes [10]: 

 ( )5432 410105 slipslipslipslipkzslip δδ+δδG=R −− . (10) 

Dynamic coefficient µtr slip traction of the contact area of the tire on the site of slipping is 

determined by the decreasing elliptic dependence on relative normal reaction on the site of slipping 

according to the schedule, presented in Fig. 1, by formula 

 ( ) ( ) ( ) ,δµµµµµ=µ Rzslipslrestslrestresttrslip

222
1−−−−−  (11) 

where µrest – coefficient of static friction of the contact area of the tire on seating in the absence 

of slipping of the wheel; 

µslip – coefficient of sliding friction of the contact area of the tire at full slipping of the 

wheel. 

 

Fig. 1. Dependence of coefficient of traction µtrslip on δRz slip 

The maximum value of the dynamic coefficient of traction is equal to the coefficient of static 

friction of the contact area of the tire on seating in the absence of slipping of the wheel, and minimum 

– to the coefficient of sliding friction of the contact area at full slipping of the wheel. 

The static coefficient of traction on the site of rest of the contact platform of the tire is determined 

by the increasing elliptic dependence on relative normal reaction on the site of rest, according to the 

schedule presented in Fig. 2, by formula 

 
222

Rzrestrestresttrrest δµµ=µ − , (12) 

where δRzrest – relative normal reaction on the site of rest of the contact area of the tire. 

The minimum value of the coefficient is equal to zero in the absence of slipping of the contact 

area of the tire, and the maximum value is equal to the coefficient of static friction of the contact area 

of the tire on seating at the time of transition to full slipping, when the last extreme rear element of the 

contact area still continues to be at rest. 

The sum of relative normal reactions of the contact area of the tire on the site of rest and on the 

site of slipping is equal to the unit, that is 

 δRzslip + δRzrest = 1. (13) 
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The coefficient of slipping of the wheel is defined by functional dependence on the coefficient of 

slipping of the contact area of the tire δslip, the circle evolvent received on the basis of the polar 

equation [9]. 

 

Fig. 2. Dependence of coefficient of traction µtr rest on δRz rest 

 
( )

slipkslip

slipk

k

δα+δπ

δα
=δ

22 14 −
, (14) 

where αk – central angle of the contact area of the tire on seating, which is defined by the angle 

between the beams, which are coming from the center of the shaft of the wheel and 

passing through extreme rear and extreme lobby of the point of the contact area of the 

tire. 

Inverse relation of the coefficient of slipping δslip of the contact area of the tire from the 

coefficient δk of slipping of the wheel is presented by expression 
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Central angle αk of the contact area of the tire on seating is possible to be determined by help of 

data from the technical characteristics of tires [11]. Basic data are the static radius rst of the tires at 

standard wheel load and the length lsc of the circles of the tire rolling, which are defined according to 

the GOST ISO 11795-2004 “Tires of driving wheels of agricultural tractors. Method of measurement 

of length of circle of the tire rolling”. For determination of the numerical value of the central angleαk it is 

necessary to solve the transcendental equation 
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where rsc – radius of the circle of the tire rolling determined by formula 

 .
π
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 (17) 

Rolling radius of the wheel in the free mode is identified with the radius of the circle of the tire 

rolling, that is 

 sckf r=r . (18) 

Besides, an important estimated indicator of overall performance of the wheel is the tractive effort 

coefficient (specific longitudinal tractive effort), which is defined by the relation of longitudinal 

tractive effort of the wheel to vertical wheel load 

 kxRx GR=k / . (19) 
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For determination of the optimum value of the coefficient of slipping of the wheel at the 

maximum longitudinal tractive effort and at the maximum traction moment on the wheel it is 

necessary to define maximum of the function of weight ratio longitudinal tractive effort of kRx and the 

weight ratio traction moment of kМt on the wheel 

 max→

k

x

Rx
G

R
=k , .

rG

rR
=k

kfk

kx

Mt max→  (20) 

Taking into account the structural components of expressions (1)-(8) the function of the weight 

ratio traction moment can be transformed to expression 

 ( )( )[ ] ( ) .max→1410105 5432

ktrsliptrrestslipslipslipsliptrrestMt δ×µµδδ+δδµ=k −−−−−  (21) 

Probe of functions (20) and (21) on extremum allows to find extreme and admissible ranges of the 

coefficient of slipping of wheels in the traction mode. At the known values of the vertical wheel load 

Gk and rolling radius of the wheel in the free mode rkf parameters are calculated in the following 

order: 1) coefficient of slipping of the wheel δk; 2) coefficient of slipping of the contact area of the 

tire δslip; 3) normal reaction on the site of slipping of the contact area of the tire Rz slip; 4) relative 

normal reaction on the site of slipping of the contact area of the tire δRz slip; 5) relative normal reaction 

on the site of rest of the contact area of the tire δRz rest; 6) dynamic coefficient of traction of the contact 

area of the tire on the site of slipping µtr slip; 7) static coefficient of clutch of the contact area of the tire 

on the site of rest µtr rest; 8) longitudinal jet force on the site of slipping of the contact area of the tire 

Rx slip; 9) longitudinal jet force on the site of rest of the contact area of the tire Rх rest; 10) resultant 

longitudinal tractive effort Rх; 11) weight ratio longitudinal tractive effort kRx; 12) rolling radius of 

the wheel in the traction mode rk; 13) weight ratio traction moment kМt. 

Results and discussion 

Graphic dependences of the weight ratio power parameters of the wheel on the coefficient of 

slipping of the wheel at variable values of the central angle of the contact area of the tire are presented 

in Fig. 3 and 4. 

 

Fig. 3.Dependence of weight ratio longitudinal force kRx on coefficient δk and angle αk 

Graphic dependences are given for the model tire Goodyear OPTITRAC DT812 standard size 

520/70R38, established on rear driving wheels of the tractor BELARUS 82.1 [14]: length of the circle 

of the tire rolling lsc = 5258 mm; static radius of the wheel at normal loading and internal pressure of 

air in the tire rst = 782 mm; rolling radius of the wheel in the free mode rkf = 837 mm; central angle of 

the contact area of the tire on seating in variation αk = 0.6; 0.881; 1.2 rad; tire static friction coefficient 

on seatingµrest = 0.8; tire sliding friction coefficient at full slipping of the wheel µslip = 0.7. 

The analysis of the dependences given in Fig. 3 and 4 confirms that the invariance of the 

maximum value of the realized weight ratio longitudinal traction effort of kRx and reduction of the 

weight ratio traction moment of kМt in the process of increase in the central angle αk the contact area of 
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the tire is natural at simultaneous increase in the corresponding extreme value of the coefficient δk 

slipping of the wheel. 

 

Fig. 4.Dependence of weight ratio traction moment kMt on coefficientδk and angle αk 

For the wheel and the tire with the mentioned parameters, for example, at αk = 0.881 rad for 

standard operational wheel load, the maximum value of the weight ratio traction moment is 

kМt = 0.669 at the coefficient of slipping of the wheel δk = 0.107, the weight ratio traction force – 

kRx = 0.750.It will well be coordinated with the data from other references, for example [1;2] and [15], 

in which it is established that the agricultural tractor most effectively works at the coefficient of 

slipping of driving wheels equal to 12-13 % and 8-12 %, taking into account the criterion of minimum 

of specific energy consumption and maximum of traction efficiency. The maximum value of the 

weight ratio longitudinal force is kRx = 0.769 at the coefficient of slipping of the wheel δk = 0.150, the 

weight ratio traction moment – kМt = 0.653. Therefore, the value δk = 0.150 limits extremely the 

allowed range of the coefficient of slipping of the wheel that meets the operational requirements. 

Conclusions 

1. The presented results of analytical probes of specific power parameters and the coefficient of 

slipping of the driving wheel of the tractor are comparable to the data of other probes received 

taking into account various criteria at their calculation. 

2. The results can find practical application at traction calculations of machine-tractor aggregates on 

the basis of wheel tractors and optimization of their operating characteristics, in particular, loads 

of wheels and air pressures in tires. 

3. The technique of determination of the weight ratio power parameters and the coefficient of 

slipping of the driving wheel of the tractor is approved and is recommended for assessment of the 

efficiency and choice of rational traction modes of behavior and also at restriction of the allowed 

slipping in various service conditions caused by coupling properties of tires in interaction with 

seating. 
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